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1 Introduction 



Twisting is an important tool in the study of supersymmetric theories and has given important 
new insights in those studies. It fundamentaUy means that one supercharge is singled out and 
used as the primary symmetry of the theory. The twist often allows for a splitting in the set 
of supersymmetric generators, which can be very useful. One can find in some cases a subset 
of the generators that is sufficient to constrain the Lagrangian to be invariant under the full 
supersymmetry, while it admits off-shell closed field representations. 

The first examples have used non-trivial R-symmetries associated to extended supersymme- 
tries to retain a full Lorentz invariance. However it has proved useful to consider the twist of 
= 1 theories, even if it means that only part of the Lorentz symmetry is explicitly realized, 
a Spin{7) or C/(4) symmetry in dimension eight, a G2 symmetry in dimension seven. 

Here we consider the case of the simplest four-dimensional supergravity, to illustrate the 
formalism of twisted symmetry in curved space. We work with an Euclidian signature, which 
allows us to retain a U{2) subgroup of the rotational symmetry. This same twist has been 
previously considered in the theory with only global supersymmetry [1]. 

In the case of the N = 1, d = 4 Euclidian supergravity, only a subset of the rotational 
symmetry is explicitly realized after the twist, and spinors are no longer present in the theory. 
All fields transform as tensorial products of the fundamental representation of U{2) C S'0(4). 
The fermionic part of the symmetry algebra consists in four fermionic twisted generators, one 
scalar, one vector and one pseudo-scalar. The translations are part of the supersymmetry alge- 
bra and appear, in the twisted formalism, in the anticommutator of the vector supersymmetry 
generators and the scalar or pseudo-scalar generators. The twisted generators can be untwisted 
to recover the spinorial anticommuting generators of Poincare supergravity. 

The twisted superalgebra and the superalgebra of Poincare supergravity are related in the 
fact that they define the same invariant action, modulo a twist. Twisted and untwisted super- 
gravity transformation laws can be related by a linear mapping, in a way that generalizes the 
case of super- Yang-Mills theories [1]. 

The construction of the twisted superalgebra is done on a 4-manifold with an Euclidian sig- 
nature and an almost complex structure. In this case, the Majorana spinors can be decomposed 
in holomorphic and antiholomorphic forms. 

Among the twisted fermionic generators, the scalar nilpotent one is of main interest to 
us. It is formally similar to a BRST operator, and has an analogous interpretation as the 
twisted supersymmetry generator of topological Yang-Mills symmetry, 2d-quantum gravity or 
topological string [2]. The supergravity action in a twisted form is in fact determined by the 
invariance under this scalar supersymmetry, with an interesting decomposition occurring for 
both the Einstein and Rarita-Schwinger actions. Subtle phenomena arise when one requires 
the additional invariance under the full 50(4) symmetry group. 
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Building the twisted superalgebra produces a new interesting framework. First, we men- 
tion that super symmetric invariants exist as non-trivial local cocycles, a property that might 
be of significant importance if the twisted construction can be extended to supergravities of 
rank N > 2. Second, the fact that the invariance under the twisted scalar supersymmetry 
generator alone is enough to write down an action for the twisted fields might be of inter- 
est to bypass the issues raised by the lack of a system of auxiliary fields in theories such as 
higher-dimensional supergravities. It could be that requiring the off-shell closure of the com- 
plete Poincare superalgebra is just too demanding. Within this approach, the super-Poincare 
symmetry is not postulated, but is an emergent property once the invariance under the twisted 
scalar supersymmetry is imposed. 

In view of these hypothetical higher dimensional generalizations, we have computed the 
twisted formulation for the couplings of supergravity to scalar and vector multiplets. The 
results are less aesthetic than those obtained for the genuine supergravity multiplet, but their 
existence is a plausible four-dimensional signal that twisted formulations could also be obtained 
in 2n > 4 dimensions, with a corresponding U{2) — )• U{n) generalisation. 

The scheme of the paper is as follows. In section 2 we recall some known facts about = 1, 
d = 4 supergravity in the new minimal scheme, focusing on the BRST formulation of its symme- 
tries. In section 3, we display a possible (anti)selfdual decomposition of the supergravity action 
by exploring some properties of the Einstein and Rarita-Schwinger Lagrangians. In sections 
4 and 5, the twisted formalism is introduced through definitions of the twisted fields and the 
twisted operators corresponding to the symmetries of the supergravity action. The various cur- 
vatures needed to build the supergravity action are also displayed in twisted form. In section 6, 
we use the so-called 1.5 order formalism to build the twisted scalar symmetry generator for 
all fields but the spin-connection and give a primitive twisted form of the supergravity action. 
In section 7, we explore the consequences of requiring the invariance of the action under the 
twisted vector symmetry, which eventually yields the complete twisted supergravity action. In 
section 8, we compute the coupling to twisted supergravity of the twisted Wess-Zumino and 
vector multiplets. Finally, appendices give useful formulas. 

2 N = 1, d = 4: supergravity in the new minimal scheme 

The = 1 , (i = 4 supergravity multiplet in the new minimal system of auxiliary fields [3] is 

e^A,w'^^Ai?2 (1) 

Here is the 1-form vielbein, the Majorana spinor A = X^dx'^ is the 1-form gravitino and 
is the spin-connection 1-form. A and B2 are auxiliary fields, with gauge invariances, such that 
the multiplet has as many bosonic and fermionic degrees of freedom both on-shell and off-shell. 
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modulo the gauge invariances. The abehan 1-form gauge field A ^ A + dc gauges chirality and 
B2 ^ B2 + dAi, Ai ~ Ai + dAf) is a gauge real 2- form. 
The associated curvatures are 

R'''' = du''^ + ^[uj,ujf'' 
T'' = de^ + uj''^eb + fX7''X 
/9 = dA+ (lt^'^S,, + ^7') A (2) 

G3=dB2 + fX-f''Xea 
F = dA 

We will often use the covariant derivative notation D = d + uj + A. We use the following 
expression of the = 1 supergravity action, as in [4] 

/ = ^ Qea6cde"Ae\/?'="'H + iAA7V/>(A,^,^)Aea-252A(iA + *G3AG3) (3) 

The multiplet (1) is an off-shell balanced multiplet with 6 bosonic degrees of freedom defined 
modulo all gauge invariances, 12 fermionic ones, and 6 auxiliary ones, according to the following 
count: 

: 6 = 16 — 6 Lorentz — 4 reparametrizations 
A: 12 = 16 — 4 supersymmetries 
A : 3 = 4 - 1 chiral 
i?2 : 3 = 6 — 4 vector + 1 scalar 

The spin-connection is not an independent field, but is fixed by the (super)covariant constraint 

r'^(e,A) = -iG^,eV (4) 

so that uj°-^ = uj°-^{e, X, B2) = a;"^(e,A) -|- ^G'^^e'^, where w"''(e, A) is the usual spin-connection 
seen as a function of the vielbein and gravitino. This necessary constraint expresses the fact 
that no first-order formalism exists for getting an off-shell closed Poincare supersymmetry and 
an invariant action. 

The transformation laws of the various fields under supersymmetry can be expressed using 
a BRST symmetry operator s, where one replaces all parameters of supergravity infinitesimal 
transformations by local ghost fields with opposite statistics. All ghosts transform under the 
BRST symmetry, in such a way that s is nilpotent. The nilpotence of s is equivalent to the off- 
shell closure of the system of supergravity infinitesimal transformations, as shown in [4]. This 
BRST symmetry can be built directly (both in the minimal and new minimal set of auxiliary 
fields), as outlined below. 
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Call the vector ghost for reparametrization. The other ghosts are those of local SUSY 
(x), Lorentz symmetry (Q,), the chiral U{1) symmetry (c) and the 2-form gauge symmetry (Bl). 
The ^'^-dependent part of the supergravity BRST algebra decouples by redefining 

s = s — C^, d = d + s + i(i,, (5) 

where the vector field is a bilinear in the supersymmetry ghost x 

r = -\xrx = se-ed,e, (6) 

iv is the interior derivative on the manifold for a given vector V and C is the Lie derivative, 
Cy = iyd + diy- One has the important property 

d = exp(-i5)((i + s) exp(+i^) (7) 

which ensures that (d + s)^ = and d? = are equivalent, and = 44> = C^. The super- 
gravity BRST transformations can be obtained by imposing constraints on the curvatures (2), 
in a way that merely generalizes the Yang-Mills case. Using ghost unification allows for a 
direct check of the off-shell closure by means of the Bianchi identities. In the end, one finds the 
following action of the BRST operator s on the fields : 

se" = -n''''eb - ix7"A 
sA = -L»x-^^"SafeA-c75A 
sB2 = -dB\ - ixi^'Xea (8) 
sA=-dc-\ixi^-i''Xa 
su"^ = -{D^f^ - iXl^'^X^^ 

where the spinor Xa is 

Xa = Pahe' - (iG^bcT"' + ^eafccdG^^S^) A (9) 

The ghost transformation laws can be found in Appendix A. They are such that the closure 
relation = d ^ = is satisfied. The way the BRST symmetry transforms the super- 
symmetry ghost will have non-trivial consequences in the twisted formulation. 

By using the twist formulas of Majorana spinors as in [1, 5, 6, 7, 8, 9], one could analytically 
continue and twist by brute force these transformations in Euclidean space. 

We will rather try to obtain the twisted formulation in a more straightforward way, so as to 
unveil and better understand the mechanisms taking place in the twisted formalism. Therefore, 
we now proceed to our direct construction of the twisted superalgebra, keeping in mind that 
both untwisted and twisted formulations can be compared at any given stage. 

As we will see, the whole information about supergravity is actually contained in the twisted 
scalar nilpotent generator that is hidden in the Poincare supersymmetry algebra. To reach 
this result, we need to separate both the Einstein and Rarita-Schwinger Lagrangians in parts 
depending only on the selfdual or the antiselfdual parts of the spin-connection. 
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3 Selfdual decomposition of the supergravity action 



Each of the Einstein and Rarita-Schwinger Lagrangians can be naturally split into two parts, 
one that only depends on the selfdual components of the spin-connection while the other one 
depends on the antiselfdual ones. These two parts are equal modulo suitable boundary terms. 
In the case of the Einstein Lagrangian, this property was already used for other types of 
twisting [9]. 

The Einstein Lagrangian can be written as ^ 

Le = \ea,aie^e'R^' = \e-e' [K, - K,) (10) 

Since the so(4) Lie algebra splits into two parts, the selfdual components of the curvature 
^±a6 _ f^^±a,h _|_ ^±a^±cb Qj^^y depend on the components of the spin-connection u^""^ with the 
same selfduality. 

In supergravity, the torsion is often taken to be Tq = Dta + |A7aA, but to establish the 
equality between the two parts of the Einstein Lagrangian, it is simpler to also use the purely 
bosonic torsion ta = Dca which satisfies the Bianchi identity Dta = Rah^^ ■ Indeed, contracting 
this identity with e"", one has: 

e'^Dta = e^e\Rl, + R-J (11) 

while 

Die'^ta) = eta - e^Dta (12) 

One then gets: 

Le = -e'^e'^R-, + ^t^t, - ^d{eHa) 

= -e^e'R", - '-h'^XTa + ^r^T, - \d{e-Ta - '-e^haX) (13) 
= + {h^XTa - ^T'^Ta + \d{e'^Ta - '-e^haX) (14) 

The second line is obtained by expressing ta in terms of Ta, remembering that A7"AA7aA = 
when A is a Majorana spinor. 

Since is constrained to be zero or a quantity independent of the spin-connection, the 
expressions obtained for the Einstein action only depend on the antiselfdual part a;""* (in the 
case of Eq. (13)) or the selfdual part u'^"''' (for Eq. (14)) of the spin-connection. 

An analogous property holds true for the Rarita-Schwinger Lagrangian. One can derive it 
using the decomposition of the gravitino on its chiral components (which are not independent 
for a Majorana spinor). Defining A = A+ + A~ with A^ = |(1 it i7^)A, one writes ^ 

Lrs = i hS^pea = A+7>"ea - 'X'^^p-^Ba (15) 



^Our conventions for (anti)selfdual tensors are collected in Appendix B. 
^See Appendix B for the details of our chirality conventions. 
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using A^7"A^ = ^. By adding a suitable total divergence, one gets 



Lrs = 2A+7V-e, - A-7"A+r, + d(A-7"A+ea) (16) 

With anticommuting Majorana fermions, we have the identity X~'jaY~^ = — ?'''7a^~- Since 
the chiral projections commute with the generators of Lorentz transformations on spinors, we 
simply have p~ = D{X~). Chiral fermions give the minimal representations of the subalgebras 
associated to the selfdual and antiselfdual parts of the rotation generators, so that p~ only 
depends on the antiselfdual part of the spin-connection uj~°'^: 

p- = (d + \oj~''Sab + A- (17) 
The Rarita-Schwinger action can therefore be written as 

lRS = i j h'^rD^^^Xca = j 2A+7"^^""^A-e,-A-7'^A+r, (18) 

We succeeded in expressing Ie + Irs in ^ way that only depends on either the selfdual or the 
antiselfdual part of the spin-connection, whenever the constraint on the torsion is independent 
of the spin-connection. This condition is necessary for the closure of the supersymmetry algebra 
acting on the vielbein. 



4 Twisted supergravity variables 

In order to be able to twist the theory, we must work in a Euclidean space with an almost 
complex structure, i.e. a map on each tangent space J(x) with = —1, or more explicitely 

jji{x)j£{x) = -dii. 

Introducing complex coordinates Zm,Zm, where m = 1,2, one can locally reduce the complex 
structure to a diagonal one, J^" = J^"" = —i^m^- Making use of a compatible metric 

to lower one of the indices in J, J becomes an antisymmetric tensor with Jmn as the only 
non-vanishing components. 

The tensor can be used instead of the metric to lower and raise indices in the tangent 
space, according to X™ = —iJ'^'^Xn and X'"^ = iJ'"^^Xn. In order to keep our formulas as 
uncluttered as possible, we will use a notation similar to Einstein's notation for contracting 
antiholomorphic and holomorphic S'C/(2)-indices by means of the complex structure constant 
tensor, as follows 

X Yfj^ = g XfjYii = ij ~ (^XfYiYfi + XfiY^^ = X^^Yffi Xff^Y^ (19) 

The antisymmetry of the tensor Jmn implies that one must be careful about the ordering of 
indices. It explains the minus sign appearing in the last term of Eq. (19). 

^Care must be taken in Minkowski space where the conjugation changes chirality, so that for example A+ = A~ . 
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Twisting must be done in Euclidean space where it is known that there are no Majorana 
spinors. We therefore forget the Majorana condition, the effect of which can be recovered 
afterwards from a careful consideration of the Wick rotation [10] . We associate to the spinor 
(A", Aq) the following four quantities with only holomorphic or antiholomorphic indices: 

{^^^,^rnn,^0) (20) 

The indices m and m take two different values and the object is antisymmetric in its 

indices, so that it only has one non-zero component. 

The twisted components of a spinor (20) are defined from the following linear mapping, 
which uses Pauli matrices elements [1, 5, 6, 7, 8, 9]: 

= A°'(crm)ai 

In Appendix C, we give the expression of the twist of FA as functions of the twisted components 
of A for some elements T of the Clifford algebra. 

This construction reduces the tangent space 50(4) symmetry into an SU (2) x C/(l) c SO{A) 
symmetry. With this change of variables, S'0(4)-invariant expressions can be related to their 
twisted counterparts, which generally split into a sum of independently U (2)-invariant terms. 
For instance, the Rarita-Schwinger Lagrangian can be decomposed as follows 

X-f^-f°-pea = (^'oPm + ^m,/Oo)em " {2'ifrnnPn " *n/3rnn)em (22) 

The commuting Majorana ghost of local supersymmetry x is twisted as follows 

X ~ (Xm,Xmn,Xo) (23) 

and the vector field in Eq. (6), cp'^ = — |x7^X = — ^'^du^^ is now given by 

(km = -XmXO, (Pm = -XmnXn (24) 

When the parameter of vector supersymmetry vanishes, Xm = 0, then the vector field (p van- 
ishes ^. 

A consistent interpretation of the twisted supersymmetry only involves fermionic global 
charges. Thus, in what follows, Xm,Xmn,Xo will be treated as constant ghosts. We will build 
a set of corresponding generators 5fh,Sm.rn^ that satisfy anticommutation relation that close 

*This condition means that x is a pure spinor, and it is not surprising that it entails great simplifications in 
the formalism, as in [11]. 
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independently of the equations of motion (off-shell closure), but possibly modulo bosonic gauge 
transformations. We will consider the operation 

Q = XmSrh + Xfan^mn + XO^ (25) 

For a vanishing gravitino field, Q is nilpotent, off-shell and modulo bosonic gauge transforma- 
tions. It turns out that the global Q-invariance is a sufficiently strong condition to determine 
the supergravity action. In fact, it gives a Ward identity that is sufficient to control the quan- 
tum perturbative behavior of the theory generated by the Q-invariant action, once all its gauge 
invariances are gauge-fixed in a BRST invariant way. When the gravitino field is not zero, the 
closure algebra is more involved. We will see that it involves supersymmetry transformations 
with gravitino field dependent structure coefficients. 

In this construction, the supergravity action is however fully determined by the global super- 
symmetry operation Q. Local supersymmetry is warranted due to the systematic construction 
of the charges 6fh, ^mn, S in a. way that is compatible with the Bianchi identities of all field 
curvatures. 

The four generators {5, 5m, 5mn) must act on all the twisted fields of the multiplet (1), with 
the following (^-grading assignments. 



Field 


grading 


Field 


grading 







A 





6m 





B2 







1 


^mn 







-1 


^rhn 





^ fhn 


-1 


^mn 






Generators 


grading 


5 


1 


5'm 


-1 


5mn 


1 



The commutation properties of the various fields are always obtained by computing the sum 
of the form degree and the grading g of fields (for instance Cm is an anticommuting object 
since the form degree is one and = 0, is a commuting object since the form degree is 
one and 5 = 1, etc. . . ). After having obtained a classical action that is invariant under the 
twisted nilpotent global supersymmetry Q, one must in principle check that it remains invariant 
under local supersymmetry by giving a coordinate dependance to (xoi Xm-, Xmn)- This is in fact 
automatically realised, since all derivatives will appear as super-covariantized ones. 

If we now generalise {xo-:Xm,Xifin) into local commuting (twisted) Faddeev Popov ghosts, 
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one gets the operator 

S = Xoix)d + Xm{x)5rn + Xrhn{x)5mn (26) 

Its action on the classical fields is the same as that of the standard BRST transformations in 
twisted form. 

In the flat space N = 1 super- Yang-Mills theory [1], the three nilpotent symmetry generators 
5 and 5p satisfy the off-shell closure anticommutation relations 5^ = 0, {5p, 5q} = 0, {5, Sp] = dp. 
The situation is more complicated in supergravity. In this case, one has indeed the property 
= C^, where the vector field (f) has been defined in (24). One has also the transformation 
law sx ~ ict)^ (see Appendix A), which remains true even when the supersymmetry ghosts are 
assumed to be constant. This implies the following supergravity generalisation 

5' = 0, {5p,5q} = Q, 

{5,5p} = Cp- Yl ^P."^-^^ (27) 

a=0,m,mn 

These anticommutation relations hold modulo bosonic gauge transformations. The deriva- 
tive Cp is the Lie derivative along the vector field dual to the vielbein component ep. 

In fact, the supersymmetry generators that occur in the expression of {5, 5p} occur propor- 
tionaly to the components ^p,a of the gravitino field = ^m,aem — "^m^a^m- 

One thus recognizes the expected feature of supergravity : the anticommutator {6, 5p} closes 
on supersymmetry generators with field- dependent coefficients, proportionally to gravitino-field 
components. 

Therefore, it is expected that the anticommutator {5, 5q} involves the fourth symmetry 
generator 5pq, whose existence can be checked afterwards in the twisted method. 

Once 6 and 6p are determined, the 5 and 6p invariant action turns out to be automatically 
invariant under a 6pq symmetry. In the four dimensional supergravity, the relations between 
6pq and the other generators 6 and 6p are satisfied off-shell. 

The fermionic scalar operator 6 can be extended as a globally well-defined object (provided 
there is a complex structure). We will mainly focus on the question of its direct construction. 
In fact, 6p and 5pq can only be given a geometrical interpretation on a coordinate patch. 



5 The supergravity curvatures in the U{2) C 50(4) invariant 
formaUsm 

In section 3, we have shown that both the Einstein and Rarita-Schwinger actions only depend 
on the selfdual or antiselfdual components of the spin-connection. In SU{2) C S'0(4) notations, 
the selfduality condition of an antisymmetric Lorentz tensor. Fab = \^abcdF'^'^ reads 

F- - — F — n F - = i T"^^ F - — n ('28'1 

mn — ^ mn — ^ mm — '"^ ^ mn — V "/ 
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while the antiselfduahty condition Fab = —\^abcdF'^'^ reads 

Pmn iJmfiPpp — (29) 

Thus, the spin-connection uj°'^ = + a;~"^ = {ujmn,^inn-,^mn) splits in selfdual and antiself- 
dual parts, respectively 

Uj+°-'' ~ (0, 0, UJ^n - iJmn^) 

UJ~°-^ {LOnm,^^m.n,iJmn(^) (30) 

where W = iJinn^mn- 

The 5*0(4) Lie algebra is the product of two SU (2) corresponding to the selfdual and antiself- 
dual generators. Therefore, the antiselfdual part of the curvature 2-form R~ ~ {Rmn, Rmn, R) 
and its Bianchi identities only depend on the antiselfdual part of the connection uj~"''^: 

R = duo + 2ljJrnn^^rhn 

Rrhn = d^rhn + ^^fhn (31) 
dR — 2R^n^fhn '^^mnR-rhn 
dRmn — Rmn^ R^mn 
dRfhn — R^fhn Rmn^ 

The 50(4) symmetry only acts as this SU{2) on and ^'mn, due to chirality properties. One 
can thus define the SU{2) covariant curvatures for ^'o and 

Pfnn = d'^rhn + (^^U} + -^rhn " (^rhn^O (32) 

Their Bianchi identities are 

Dpo=(^-^R + F^'^0 + Rmn^rhn 
Dprhn = {^R + F) ^rhn " ^mn^O (33) 

The curvature pm of 'I'm only involves the selfdual part of the spin-connection. We can skip its 
definition, since it is not needed in the supergravity action. 

The torsion involves both selfdual and antiselfdual components of the spin-connection 

Tm = dCfh + (^mnen - (^mnen + ^mn^n (34) 
DTm = Rmnen — Rmnen + Pm^O — '^mPO 

DTfn — RffinCji Rrhn^n ~l~ Pifin^ n ^ mnPn (35) 
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We now use the SU{2) notation to decompose the Einstein and Rarita-Schwinger La- 
grangians as a sum of terms that are separately SU{2) invariant, using the expressions (13) 
and (18) 

Ie = j - {Remefh + Rmnemen + Rmnemen^ - [^m^oTfh - ^mn'^nTm^ + Tm.Tm (36) 
IrS = j - i^pfhn^nem - 2/9o^mem) + (^^m^'oTm - ^inn^nTrr^ (37) 

Eqs. (36) and (37) are interesting. However, at first sight, they are not yet very suggestive 
about the existence of a twisted scalar super symmetry. 

In fact, to build the scalar super symmetry, we depart from the method used in [4]. The 
so-called 1.5 order formalism, once adapted to the twisted fields of supergravity, will neatly 
separate the various terms of the invariant actions (36) and (37). 

6 1.5 order formalism with SU{2) covariant curvatures 

The justification of the 1.5 order formalism for supergravity is detailed in [12]. One first builds 
a supersymmetry that acts on all fields but the spin-connection u. The later is taken not to 
transform under supersymmetry in a first step. 

The second order formalism transformation law of uj is the one compatible with all Bianchi 
identities of the theory, including that of the Riemann curvature. 

In the 1.5 order formalism, it is particularly simple to obtain the twisted scalar super- 
symmetry on all fields but the spin connection, by imposing consistent constraints on the 
ghost-dependent curvatures. 

The ghost-dependent curvatures are obtained by the substitutions 

d^d = d + xoSi.5 + i<p, ^^4> = ^ + x (38) 

We are only concerned with the scalar supersymmetry for the moment. Thus, we only retain a 
constant xo as the only non-vanishing component in x- Since Xm = 0, one has (pm = (pm = 
and d = d + Xo^i.5- The property d? = implies 5^ 5 = on all fields. The 1.5 order formalism 
constraints that are compatible with the Bianchi identities are 

R — R Rmn — Rmn Rffin — Rfrin — 

PO = PO Pfhn = Pfhn Pm = Pm (39) 

where G3 is the field strength of the 2-form B2, defined in twisted form as 

G3 = dB2 + ^m^oe^^ - ^fnn^nem (40) 
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We now use Eq. (38) and pick up the term with ghost number one in Eq. (39). This gives the 
5i.5-transformation laws for all fields: 







Cm 


-I'm 












^0 


\u:-A 


\I/ - - 

* mn 




^mn 





^fhn 





UJ 





A 





B2 


^ m&fh 



(41) 



The curvatures transform as 
^1.5^ = 



^R + F 6i,5Pn 



Sl.5Rfn-n = 6i,5F = 

= —Rfhn ^l.bPm = 



(42) 



We can therefore build three (^i 5-invariant Lagrangians that respectively contain the three in- 
dependent S'C/(2)-invariant pieces Remem, Rmnem^n and Rfhn&m^n of the Einstein Lagrangian: 



RmnC-mf^n 

Remerh - 2po*mem - '2FB2 



(43) 



The action 



I = I aR^^e^e, + /3(i^..e.e. + 2p^,^.e^) + .(Re^e^ - 2,o^me. - 2FB2) (44) 

is thus invariant under the transformations (41), for all possible values of the coefficients a, /3 
and 7. Lorentz symmetry is obtained when a = /3 = 7. 

Alternatively, in a method that is closer to the one used in [4], one can directly check the 
invariance of the action (44) by computing the following quantities, using the Bianchi identities 
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for the curvatures: 



D{Rmne-men) = '^Rmn{Tm — ^'m^o)en 

b{Remefh) = R{fm - i>rJ>Q)ern " Rem{Tfh - ^ fhp^ p) (45) 

b{poi!^efn) = ((-^i? + F)^'o + Rpq^p^ ^merh + POpmem - pQ^m{ffn - ^ mp^ p) 
b{FB2) = F{G3 - ^m.^'oem + ^fhn^nem) 

Taking the part with ghost number 1 of these equations and retaining only xo Oi o^^^ obtains 
the (5i.5 transformations of the various terms in the action: 



"^l.S {Rmn^^mf^n) 


= 


^1.5 {Rfhn^imf^n) 


— '^Rfhn^ m^^n 


h.5{R(^mefh) 




hAPmn^nem) 


— Rfhn^ n^^m 




= {-\R + F)-^rae^, 


61AFB2) 





(46) 



which ensure that 5i,5(/) = 0. 

The formulas (45) are actually quite useful to directly compute the action of the vector 
supersymmetry Ji'^, by generalizing to the case where Xp 0- Using a ghost expansion as for 
the scalar symmetry, one gets 

6p {Rmndfh^n) — "^Rmn^ rhpf^n 
6p {RfhnGm(^n) — '^Rpn^O^^n 

5l-^{Remerh) = -R^oep + Rer^^^rhp (47) 

5l-^{{prnn^nem) = [- {]^R + F)^ rhp + Rm.p^i))em 



SpHpO^mern) = (("^^ + F)^o + Rynn^ r 

5l-\FB2) = -Fi^foep + ^rnpem) 



One finds that 6p^ is another symmetry of the complete action, provided that a = /3 = 7, in 
which case the SU{2) symmetry is enlarged to 50(4). 

However, one must be careful in the interpretation of this vector symmetry, since it cannot be 
obtained by twisting the supersymmetry generators (Q°, Qa)- Indeed, Ji.s and 5p'^ do not have 
the right anticommutation relations, since {(5i.5, (J^'^j^* = 0, in contradiction with the twisted 
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supersymmetry algebra (27). In fact the 1.5 order formalism, which is useful to determine the 
invariant action, does not properly define the supersymmetry generators. One must determine 
the uj transformations consistent with the constraints, which appear as equations of motion in 
the 1.5 order formalism. 

With the invariant action (44), the equations of motion of the antiselfdual spin-connection 
give 12 = 3 X 4 equations that can be solved algebraically to determine the 12 components of 
the three 1-forms ujmn, ^rnn and w, as functions of e and The precise values then depend on 
the parameters a, /3 and 7. 

One can then compute the (5i.5 transformations of these functions through the chain rule to 
obtain the transformations of oomm ^mn, ^- Since (5i,5 is nilpotent on e and ^, this procedure 
gives a nilpotent transformation in the second order formalism, where u^mn^ ^fnh 

and u! are not 

independent fields. 

The case of interest is for the rotationally invariant action (44), which has a = /3 = 7. In 
this case, the spin-connection equations of motion give 



(48) 


Here T^'^ ^ is a function only of uj~ , 

These 12 equations fix the 12 components of the antiselfdual part of the spin-connection, u = 
a;(e, ^'), ujmn = '^mn(e,^) and Umn = '^?fin(e, ^), as functions of the vielbein and the twisted 
gravitino. These components are the antiselfdual parts of the complete spin-connection which 
satisfy the constraint = = 0, 

As a consequence of the chain rule, ti;(e, ^'), iOmnie,^) and Umnie,"^) transform under 
supersymmetry, and the 1.5 formalism guarantees that 

I = - / Rmne^e. + (Rmneme. + 2,„,,^„e.) + (Re^e^ - 2p,^^e^ - 2FB,) (49) 

is still super symmetric. 

To avoid the heavy calculations from the chain rule, one can use the formalism used in [4] and 
determine modified horizontality conditions for the field strengths R and F at ghost numbers 
1 and 2, such that the Bianchi identities are satisfied and the constraints are invariant. The 



^/(e,^,i?2,o;) = e^rir') = 

■'m.n 

/(e,^,S2,w) = er T^^"^ = 
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invariance of the constraints is equivalent to the satisfaction of the chain rule. One defines 

i? = i2 + i?(i) (50) 
F = F + f(i) +f(2) (51) 

while we keep 

f = T 

P = P (52) 

G3 = G3 

The ghost number two part of the Bianchi identity on the torsion T ensures that, when Xm = 0, 
^(2) ^ ^(2) ^ rp^g condition G3 = G3 implies 5B2 = -'^mdfh and 

PQ = {d + s)^'o - [\u) - A)^!q + Umn'^mn = PO 
Pfhn = {d + S)^mn + ill^ + A)'^fhn " W^n^'o = Pfhn 

together with their respective Bianchi identities imply 

^(i) = 2F« 



(53) 



(54) 



Finally, the part with ghost number 1 of the Bianchi identity on T (34) implies 

^rnn ~2 {Pp[n,m]^p + Pp[n,m]^'p) 

^ — (,Ppin,m^p ~l~ Ppfh,m^p) (55) 

These values of and determine the transformation laws of uj and A, so that the second 
order scalar supersymmetry transformations that leave invariant the action (49) are 





6 (with 6^ = 0) 


Cm 




Cm 





*m 





^0 


lu-A 






^mn 


2 i.Pp[n,m]^p ~l~ Pp[n,m]^p) 


^fhn 





CO 


Ppm,m(^p ~^ Ppfh,m(^p 


A 


2 {Ppfh,m(^p ~l~ Ppm,m(^p) 


B2 


^m^m 



(56) 



We used a notation where pmn, Pmn and pmn are the components of the two-form p on the 
vielbein basis, i.e, p = ^ {pmnemen + Pmnemen + Pmnernen) ■ The indices on the right of the 
comma refer to the twisted spinor indices 0, m or fhn. 



15 



7 Vector supersymmetry and non-vanishing torsion 



There is no vector supersymmetry 6p for the action (49) that can satisfy the off-shell closure 
relation {5, (5p} = Cp — ^p,a^a- Indeed, suppose that such a symmetry exists. The off-shell 
closure means cf' = {d + xo^ + Xp^p + ^(/))^ = 0, with (f)^ = —XmXo / 0. Thus, the Bianchi 
identity, 



has a non-trivial ghost number 2 part, which is 

uG'i = XmXoTfh- 



\T/ _ _\T/ T 



(57) 



(58) 



Therefore, the torsion cannot be taken identically equal to zero, which implies that the La- 
grangian found in the previous section must be modified by terms that have an off-shell rele- 
vance. To remain in the context of a Lorentz invariant action, we use the following constraints 
on the torsion, which generalize Eq. (58): 



T-m — ~\~ ^mnf^n ^mn^^n ~l~ ^m^O — 2 {Gmpq^^pf^^ 

1 
2 



2 y^mpq'^p^q 

Tfh. — dCfn -\- UJfjinS-n ^rhn^^n ~\~ ^ rfin^ n — o y-^ mpq'^p^q 



Gmpq(^p^q) 



2 iGmpqdpdq Gmpq^p(^q) 



(59) 



The value of the spin-connection is therefore changed and the distortion on the horizontality 
condition (50) becomes: 



^rnn — 2 {Pp[n,m](^p + Pp[n,in]^p + Gmnp^p) 



^ — Ppm,m(^p ~l~ Ppm,m(^p ~l~ G 

The scalar supersymmetry transformations are now: 



mpm^p 



(60) 





6 (with 5^ = 0) 


Cm 














^0 




^rnn 




^mn 


~2 i.Pp[n,m]^p ~l~ Pp[n,m]^p ^" Gmnp^ p) 


^mn 







Ppfn,mGp + Ppfh,m&p Gmprh^ p 


A 


2 iPpm,m(^p ~l~ Ppfh,m,(^p ~\~ Guipfh^ p) 


B2 





(61) 
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With T 7^ 0, the variation of the action found in the previous section involves new terms 
proportional to T5lj, with must be compensated by the variation of new terms quadratic in G. 
One has 



^Gfyipq — Pqp^m Gmpr^ q,r '^Gmfq^p,r 
SGjYipq — Ppq^m '^Gmfq^p,r 
Sc — 2^pnrs^ p^n^f^s 

5(*G3G3) = —eGmpq^Grpq'^f^m + '^Gmfq^p,: 

Here *G3 denotes the Hodge dual of G3 and e is the volume form built from (cm, Cm)- 
Prom the relation between the torsion and the 3-form G3, Eq. (58) one has: 

1 

'4 



(62) 
(63) 



TrnTm + *G3G3 



{GrnpqGmrsf^p^q^r^s ~l~ GfjipqGmrs^pf^qf^rf^s) 



(64) 



We thus add the term TmTfn+*G-iG^ to the action (49), which cancels the effect of the variations 
of the spin-connection given in (61) under the 5 symmetry. The resulting invariant action is 

-^tot = — j Rmnemen + {RfhneTn&n + '^Pmn'^nem) + {Rem^ 

(65) 

Using the equations (36) and (37), this action can be written as 



'tot 



Le + Lrs + 2Fi?2 + *G'3G3 



(66) 



This is nothing more that the complete supergravity action of Eq. (3). 

This action is also invariant under 6p and 5pq, since it is equivalent to the one determined 
to be invariant under the complete untwisted BRST symmetry operator in [4]. The transfor- 
mations under all twisted supersymmetry generators of the fields are: 





6 


6p 


Spq 


Cm 


-*m 


iJmp^O 





Cm 







-'^iJfhip'^q] 







iJpm (^'^ ~ ^) "1" ^pm 





^0 







—^pq 


*mn 







'^Jm[p\Jn\q] (^^ + A) 


'^mn 


V 

[m,n\ 


2'^mp {Pqnfi^^q ~l~ Pqnfl^^q) 2^"^"P^0 





'^mn 





2 ^P<in,,ifip^q ~l~ Pqn,mp(^q ~l~ Gf^nq^ pq) 




^mn 


2^m,n 


2'^mp {Pqn,0(^q ~l~ PqnfiS-q) ~\~ 2 {Gmpn^ Gfaqfi^ pq) 





A 




2 iPqPfi^^q ~l~ Pqpfl^q Gmpfri^ ~l~ GfnqiTi^ pq) 


Xp^q 


B2 


^ m^rh 


-^OCp - ^'pmCm 
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with the twisted X spinor in (9) defined as 

Since these transformations are obtained directly from the Bianchi identities and the modified 
horizontality conditions for field strengths, the three anticommutation relations (27) hold true ^. 

8 Matter and vector multiplets coupled to supergravity 

In this section, we will compute both the scalar and vector symmetries acting on the matter 
fields, so we will retain (xo) Xp) 7^ when we expand the curvature equations in ghost number. 
The invariant actions for both multiplets can be expressed as 6 exact terms, in a way that 
generalizes the flat space case [1]. 

8.1 The Wess— Zumino multiplet 

The Wess-Zumino matter multiplet is (P, a, H) where P is a complex scalar field, a a Majorana 
spinor (higg sino) and H a, complex auxiliary field, twisted into (0, (Jq, (j^fj, (T^T^n? -^Tfini -^mn)* 
The various field strengths are 



p 


= D(j)+ ^rnCTm 


p 


= D4)- ^'oCTo - ^rhnfy, 


So 


= Dao + Bmn^fhn 


Sjfi 


= Dafh — Bmn'^n 


Smn 


= Damn + Bmn^Q 


Hfrin 


— BBjYin 


Hfhfi 


— DBffifi 



(68) 



with the covariant derivative D explicitely defined as 

b(f) = d4) + wAcp 
b4> = d(j)- wA(j) 

Dao = dao + - w'A)ao + UJmnCrmn 

Dafn = darn + {\'^ + w'A) arh - UJmnCrn (69) 
Damn = damn - {^U + w'A)amn - '^mnO'O 
DBffin — dBjYin W ABfnn 

DBffin = dBjfifi + w ABffin 



^The explicit verification is non trivial, since it relies on the expression of the spin connection, expressed as 
a solution of Eq. (59). 
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To have Bianchi identities, one must have w' = w + 1 and w" = w + 2. One obtains: 

DP = wF(j) + PmCTrh " ^mt'm 

DP = -wF(j) - poao - Prhnf^mn + ^0^0 + rhn^mn 
Dt,o = ^--R — {w + l)F^(To + RrhnCmn + Hmn^mn + BmnPfhn 

Dtrn = [^R + {W + 1)F^ arh - RmnCTn " Hfafi^n " ^mn/On (70) 
DT^mn = {—-^R — {w + \)F\amn — R-mnf^O + H-mn^Q + BmnPO 



2 

DHmn = -{w + 2)FB^^ri 

DH„-,n = {w + 2)FB„-,n 

The distorted horizontality conditions that are compatible with the Bianchi identities and 
warrant off-sheh closure, are the following: 

P = P 
P = P 

So = So + ^p(-Pp — ^Gmpfh4') 

Sm = Sm — "^o{Pfh + ^Gpfhp4>) (71) 
Hmn — Flmn "I" ^p(Sp^mn + Sp^rnn) ~ ^^p<^p[m(Sn],0 "I" '5'n],o) 

where 

Sp^mn ~ i'Jp[m^n]fi ~ '2iwGqfqJp\ji^'^ ^^ ^(f) — Jp[mGn]qp^ q,p4' + i'2'^p[mGn]qq^0 

2 GqqpCTjym -\~ G-mpn^Q 
^[fh,n] ~ i.R[fh ~ qq[fh)^ n]fi + i.Pq ~ ^G'^gf )^[m,n]g ~ Crggj^dj^] 
GffifipCTp H 2 P'fnn,Q4^ '2 Pqq,fhn4^ 

The ghost number 1 parts of these equations give the scalar and vector transformations of the 
fields 

Sep = 5p4) = —dp 

54> = (To 5p4) = 

(5cJo = 5pCJo = Pp — ^Grnpm'P 

^^fh — Pfh '2Gprhp4' ^p^fh — Bpm (72) 
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The anticommutation relations (27) can be explicitely verified on all fields, in a much easier 
way than for the supergravity multiplet (See the Appendix D). 

8.2 The vector multiplet 

The twisted vector multiplet is (-B, Cm, Cmn, Co; Mi with B a U{1) gauge field, (^m,^mn)Co) its 
twisted Major ana supersymmetric partner and h a real auxiliary field. The field strengths are 

P = dB - (^'oCm + ^m?o)em " pimp + ^■mpip)em. 

Ho = bio - hi>o 

= Dim + h^m (73) 

■H = dh 

where D is given by Dio = d^o — ^w^o + ^Co + '^mnimn, etc. . . The Bianchi identities for these 
field strengths are 



dJ^ — yi>o^m + ^m^O — Poirn — Pmioj S-rh + p'^rhp + ^ fhp^p — Ppimp — Pmpipj Cm 
H^mia + ^0U)ffh + {i^fhpip + ^pirnp)Tm 

DEo ={-^R + F)io + Rmnimn " ^^^0 " hp^ (74) 

DEm = -{\R + F)im- Rpmip + m + hpm 
D^fhn — (2 F^iffifi Rfhnio fiin ^Prh-h 

d'H = 

The supersymmetry is defined by the constraints 

f = T 

"O = "0 + mn^fhn 

— "TT! J'pm^p (75) 
^•fhn — ^fhn ~\~ -F mn^O 

'H = 'H + ^p{^pfi + Gmpnirhn) 
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which give 



6B 



Cm 6; 



■m 



5.B 




h 








(76) 



56 



,mn 



mn 



6h 







6ph 




The algebra closure relations (27) are satisfied on all fields (See the Appendix D). 

9 Conclusion and outlook 

We have shown that the supergravity action is essentially determined by its invariance under a 
single scalar supersymmetry generator. This scalar generator is nilpotent and formally similar 
to a BRST operator. It is singled out from the multiplet of supersymmetry generators by a 
twist and is therefore quite analogous to the one encountered in the twisted super- Yang-Mills 
theory in four dimensions. The supergravity action has parts which are independently invariant 
under this scalar generator and induce an interesting decomposition of both the Einstein and 
Rarita-Schwinger actions in twisted form. 

In the twisted form, there is also a vector supersymmetry generator 5p. Its anticommutation 
with the scalar generator gives rise to translations, but with additional field dependent gauge 
transformations. These commutation relations are best related to the BRST transformations 
of the ghost fields, with a consistency derived from Bianchi identities. Nevertheless, when 
the gravitino field vanishes, the fourth symmetry 5mn can be safely ignored. This additional 
symmetry does not add any new constraint to the action. 

There is an underlying localization around gravitational instantons that seems of interest 
in this construction. A twisted formulation of the Wess-Zumino and vector multiplets coupled 
to the supergravity multiplet has also been obtained. Generalizations to higher dimensional 
supergravities could be of interest and a analogous twist could be used to split the Poincare 
symmetry of, for example, d = 10 supergravity into smaller and (hopefully) simpler sectors. 

A The BSRT symmetry from horizontality conditions 

The supergravity transformations can be expressed as BRST transformations, in a way that 
merely generalises the Yang-Mills case (ghost unification, horizontality equations for the cur- 
vatures, etc..) [4]. Call s the BRST operator of the supergravity transformation, and its 
ghost 6 The other ghosts are those of local SUSY (x), Lorentz symmetry (0), the chiral U(l) 
symmetry (c) and the 2-form gauge symmetry (Bl). One gets the usual transformation laws of 
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classical fields by changing the ghosts into local parameters, with the opposite statistics. Their 
off'-shell closure property is equivalent to the nilpotency of the graded differential operator s. 
The difficult part of the supergravity BRST symmetry is its dependence on the supersymmetry 
ghost X- The reparametrization invariance can be absorbed, by redefining s as s = s — C^, with 
s^'^ = ^'^dy^^ + \xi^X- With this property, the off-shell closure relation = is equivalent 
to = >Cx7^x- Reparametrization invariance is decoupled by the operation exp(— ig), when 
classical and ghost fields are unified into graded sums, a property that was found for the study 
of gravitational anomalies but turns out to be very useful for the construction of supergravity 
BRST symmetries. For the = l,d = 4 supergravity in the new minimal scheme, the action 
of the operator s is as follows 

se'^ = -n^^'eb - ixT^A 

sA = -Z)x-f^"SafeA-c7'A 
sB2 = -dB\-ix-i^\ea (A.l) 

sA = -de - ^ixi^-i^Xa 
su"^ = -{D^f^ - iXl^'^X^^ 

where the spinor Xa is Xa = Pab^^ — i^Gabcl^'^ + ^eafec(iG'^'^'^7^)A. Xa vanishes when one uses 
the equations of motion of the gravitino and of the (propagating) auxiliary fields. The property 
= 0, equivalent to = Cxi^x warranted by the ghost transformation laws [4]. At the 
root of these equations, there is a unification between classical fields and ghosts [4], which 
is analogous to the one that occurs when analyzing anomalies by descent equations. In fact, 
everything boils down to computing constraints on the curvatures, which satisfy the following 
Bianchi identities: 

^ de- + (a; + ^T^-e^ + ^(A + x)7'^(A + x) = Aflc^''^'' 
p = (i(A + x) + (w + !^ + A + c)(A + x) = ^Pafee'^e^ 
G3 ^ d(B2 + B\ + Bl) + ^(A + x)7"(A + xV = \g abce" e'' e'^ (A.2) 

k"^ = d{oj + n) + {oj + = R^^ - ixi^^x^^ - -^xi^xGf 

F^d{A + c) = F- '-xi^'^Xa - Y^X^X^abcdG'"'' 

By expansion at ghost number one, one finds the transformation laws in Eq. (8) and at ghost 
number two, one finds those of the ghosts: 

sx = - VA -^X-CX 
sc = -i^A - j^xi^'xeabcdG'""^ 
sBl = -i^B - dBl - §X7"xea (A.3) 
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,ab 1 



2' 



B Tensor and chirality conventions 

The normalization of the completely antisymmetric four-index symbol with tangent space in- 
dices is 

eoi23 = 1 



Once twisted, this is taken to be 

^1122 = 1 

The dual of an antisymmetric Lorentz tensor is 

1 



^ah 2 ^ohcd 



The selfdual and antiselfdual parts of Fab are 

„^ 1 



We take 75 such that (75)^ = — 1 and define the chiral projections 

in order to have A = A^ -|- A~ and A = A''" -|- A~. Then, we have the useful identity 
A+7'^A+ = A+757'^75A+ = -iA+7'^(-i)A+ = -A+7''A+ = 



(B.l) 
(B.2) 

(B.3) 
(B.4) 



(B.5) 



(B.6) 



and similarly A 7"A = 0. Finally, once in twisted form, the chiral projections of spinor 
separate its various components according to 

A+~(0,^p,0) 
A-~(^'o,0,^'^n) 



C The action of 7 matrices on twisted spinors 

The action of a 7 matrix on a twisted spinor with components {^(),^rn,^rnn) is defined as 
follows 








P 


pq 


7m,* 





— Jmp^O 
«*mj5 






(C.l) 
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Similarly, the action of a 7 matrix on a twisted spinor with, components (ctq; '^m? '^mn); the 
one appearing in the Wess-Zumino muliplet, is 








p 


pq 


7m 0- 











These conventions allow us to retrieve the Clifford algebra for the twisted 7 matrices 

{7m,7n} = 
{7m,7n} = 

{imi ^n} — iJ-mn = 9mn 

We also define the ^ab matrices in twisted form as 

7mn — ^m^n 7n7m 
7m?i — ^m'Jn 'fn'Jm 
'Jmn — ^m'tn 7fi7m 

which act on the two kinds of twisted spinors according to the following tables 








P 


pq 


7mn^ 








— '^Jm.[pJq]n^O 


7mn^ 










7mn* 






ran ^ pq 



(C.3) 








p 


pq 


7mn'7 


















~'^Jfh[pJq\n^O 






3^7 rr -L ^ T fT 

2 ^mp^n ~r 


iJmn^pq 



(C.4) 



D Algebra closure on the fields of matter and vector multiplets 

In this appendix, we give some examples of the anticommutation relations (27) on some matter 
fields of the Wess-Zumino and vector multiplets. 

Starting with the (f) and (f) fields of the Wess-Zumino multiplet, one needs their transforma- 
tion laws under the pseudo-scalar symmetry in order to check (27). These are obtained in the 
same way as the scalar and vector symmetry transformation laws, i.e. by isolating the part of 
ghost number 1 in the horizontality conditions on P = P and P = P and keeping Xmn 7^ 0. 
This yields 

Smn<t> = and 6mn^ = CFmn (D-1) 
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The tranformation laws in (72) allow us to compute straightforwardly 



{5p, 5g}(l) = - {Bpg + Bgp) = (D.2) 

= dp(j) + {wAp + ^Gmprhj (t> + "^p^mCyfh 

= dpct> + js^"^^ {A, G)<t>- Yl %«'^»<i 

a=0,m,'fhn 



where the last equality is a consequence of (72) and (D.l). 
Similarly, on <j): 



6^(j) = 6ao = 

{6p,6g}^ = (D.3) 

{5, 5p}(j) = (^Pp - ^Gmpm(p^ 

= dp(j) - (^wAp + ^Gmprn^ 4> - i^pfiCTQ + ^p,m.nCrmn) 

= dp4> + 5™ {A, G)4>- Yl "^P'-^--^ 

a=0,m,Thn 

using again (72) and (D.l) for the last equality. 

Turning to the B field of the vector multiplet, the horizontality condition on its field strength 
T = T allows us to compute 

bmnB = in&m (D-4) 

and the transformation laws (76) of the vector multiplet fields yield: 
b'B = b{Ue^)=^ 

{bp, 5g}B = Co^pq + Cpq^o + ^O^qp + ^qp^ = (D.5) 
{6, bp^B — hep + J' rfipCm Crhp'^m ~l~ J~ Bm^rh iJpmf^^rh ~l~ Cm^pfh 
— •Fpm^^ifi •Fpm^ra Crfip^m ~l~ Cm^pm 

= dpB — (^'p,0?m + 'I'p.mCo) Cm — {^p,q^mq + ^p,fhqS.q) Cm 

= dpB- Yl *p-a^a5 

a=0,'m,m,n 

where, for the last equality, we've used the B transformations given by (76) and (D.4). 
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